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PROPER ACTIONS ON CORANK-ONE REDUCTIVE
HOMOGENEOUS SPACES
FANNY KASSEL
Abstrat. Let k be a loal eld, G the set of k-points of a onneted
semisimple algebrai k-group G, and H the set of k-points of a on-
neted redutive algebrai k-subgroup H of G suh that rankk(H) =
rankk(G) − 1. We onsider disrete subgroups Γ of G ating properly
disontinuously on G/H and we examine their images under a Cartan
projetion µ : G → V +, where V + is a losed onvex one in a real
nite-dimensional vetor spae. We show that if Γ is neither a torsion
group nor a virtually yli group, then µ(Γ) is almost entirely ontained
in one onneted omponent of V + \CH , where CH denotes the onvex
hull of µ(H) in V +. As an appliation, we desribe all torsion-free dis-
rete subgroups of G × G ating properly disontinuously on G by left
and right translation when rankk(G) = 1.
1. Introdution
Let k be a loal eld, G the set of k-points of a onneted semisimple
algebrai k-group of rank one, and ∆G the diagonal of G×G. In this paper
we desribe all torsion-free disrete subgroups of G × G ating properly
disontinuously on (G × G)/∆G (Theorem 1.3). To this end, we prove a
general result on the Cartan projetion of disrete groups ating properly
disontinuously on orank-one redutive homogeneous spaes (Theorem 1.2).
This result holds for algebrai groups over any loal eld, but we rst state
it in the setting of real Lie groups (Theorem 1.1).
1.1. The main result in the real ase. Let G be a real onneted semisim-
ple linear Lie group and H a losed onneted redutive subgroup of G. It
is known that G ontains an innite disrete subgroup Γ ating properly
disontinuously on G/H if and only if rankR(H) < rankR(G); this is the
Calabi-Markus phenomenon ([Ko1℄, Cor. 4.4). In this paper we onsider the
ase when rankR(H) = rankR(G) − 1.
Let us introdue some notation. Fix a Cartan subgroup A of G with Lie
algebra a. Denote by Φ = Φ(A,G) the system of restrited roots of A in G,
by Φ+ a system of positive roots, by A+ = {a ∈ A, χ(a) ≥ 1 ∀χ ∈ Φ+}
the orresponding losed positive Weyl hamber, and set V + = logA+ ⊂ a.
There is a maximal ompat subgroup K of G suh that the Cartan de-
omposition G = KA+K holds: every element g ∈ G may be written as
g = k1ak2 for some k1, k2 ∈ K and a unique a ∈ A
+
([Hel℄, Chap. 9,
Th. 1.1). Setting µ(g) = log a denes a map µ : G→ V +, whih is ontinu-
ous, proper, and surjetive. It is alled the Cartan projetion relative to the
Cartan deomposition G = KA+K.
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Sine rankR(H) = rankR(G) − 1, the set µ(H) separates V
+
into nitely
many onneted omponents, whih are permuted by the opposition involu-
tion ι. (Reall that for every a ∈ A+ we have ι(log a) = log a′, where a′ is
the unique element of A+ onjugate to a−1.)
In this setting our main result is the following.
Theorem 1.1. Let G be a real onneted semisimple linear Lie group and H a
losed onneted redutive subgroup of G suh that rankR(H) = rankR(G)−1.
For every disrete subgroup Γ of G ating properly disontinuously on G/H,
there exists a onneted omponent C of V +\µ(H) suh that µ(γ) ∈ C∪ι(C)
for almost all γ ∈ Γ. If Γ is not virtually yli, then ι(C) = C.
Reall that a group Γ is said to satisfy some property virtually if it ontains
a subgroup of nite index satisfying this property. A property is said to be
true for almost all γ ∈ Γ if it is true for all γ ∈ Γ with at most nitely many
exeptions.
By results of Chevalley ([Che℄, Chap. 2, Th. 14 & 15), if G is a real
onneted semisimple linear Lie group and H a losed onneted redutive
subgroup of G, then G (resp. H) is the identity omponent (for the real
topology) of the set of R-points of a onneted semisimple linear algebrai
R-group G (resp. of a onneted redutive algebrai R-subgroup H of G).
Theorem 1.1 is equivalent to the analogous result where G (resp. H) is re-
plaed byG(R) (resp. byH(R)). We prove this result not only for R-groups,
but more generally for algebrai groups over any loal eld k.
1.2. The main result in the general ase. Let k be a loal eld, i.e.,
R, C, a nite extension of Qp, or the eld Fq((t)) of formal Laurent series
over a nite eld Fq. Let G be the set of k-points of a onneted semisim-
ple algebrai k-group G and H the set of k-points of a onneted redutive
algebrai k-subgroup H of G suh that rankk(H) = rankk(G)− 1. There is
a Cartan projetion µ of G to a losed onvex one V + in some real nite-
dimensional vetor spae (see Setion 2). The onvex hull CH of µ(H) in V
+
separates V + into nitely many onneted omponents. The opposition in-
volution µ(G)→ µ(G), whih maps µ(g) to µ(g−1) for all g ∈ G, extends to
an involution ι of V + preserving CH and permuting the onneted ompo-
nents of V + \ CH (see Setion 3.1). Our main result in this general setting
is the following.
Theorem 1.2. Let k be a loal eld, G the set of k-points of a onneted
semisimple algebrai k-group G, and H the set of k-points of a onneted
redutive algebrai k-subgroup H of G suh that rankk(H) = rankk(G)− 1.
For every disrete subgroup Γ of G that ats properly disontinuously on G/H
and that is not a torsion group, there exists a onneted omponent C of
V + \CH suh that µ(γ) ∈ C ∪ ι(C) for almost all γ ∈ Γ. If Γ is not virtually
yli, then ι(C) = C.
When k has harateristi zero, Theorem 1.2 holds without assuming that
Γ is not a torsion group: indeed, in this ase every disrete torsion subgroup
of G is nite (Lemma 3.1). This is not true when k = Fq((t)) for some
nite eld Fq: in positive harateristi there are innite disrete torsion
subgroups of G that do not satisfy the onlusions of Theorem 1.2. We will
give an example of suh a group in Setion 5.2.
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1.3. An appliation to (G×G)/∆G. Our rst appliation of Theorem 1.2,
whih is atually the main motivation of this paper, onerns homogeneous
spaes of the form (G×G)/∆G, where G is the set of k-points of a onneted
semisimple algebrai k-group G with rankk(G) = 1, and where ∆G is the
diagonal of G ×G. In this situation, if µ is a Cartan projetion of G, then
µ × µ is a Cartan projetion of G × G; we identify V + with R+ × R+ and
CH with the diagonal of R
+ × R+.
Theorem 1.3. Let k be a loal eld, G the set of k-points of a onneted
semisimple algebrai k-group G with rankk(G) = 1, and ∆G the diagonal
of G×G. Let Γ be a disrete subgroup of G×G.
(1) Assume that Γ is torsion-free. Then it ats properly disontinuously
on (G×G)/∆G if and only if, up to swithing the fators of G×G,
it is a graph of the form
{(γ, ϕ(γ)), γ ∈ Γ0},
where Γ0 is a disrete subgroup of G and ϕ : Γ0 → G is a group
homomorphism suh that for all R > 0, almost all γ ∈ Γ0 satisfy
µ(ϕ(γ)) < µ(γ)−R.
(2) Assume that Γ is residually nite and is not a torsion group. Then
it ats properly disontinuously on (G×G)/∆G if and only if, up to
swithing the fators of G×G, it has a nite-index subgroup Γ′ that
is a graph as in (1).
Note that (g, h)∆G 7→ gh
−1
denes a (G × G)-equivariant isomorphism
from (G × G)/∆G to G, where G × G ats on G by (g1, g2) · g = g1gg
−1
2 .
Thus Theorem 1.3 desribes all torsion-free disrete subgroups of G × G
ating properly disontinuously on G by left and right translation.
Reall that a group is said to be residually nite if the intersetion of its
normal nite-index subgroups is trivial. It is known that if Γ ⊂ G × G is
nitely generated, then it is residually nite (see [Alp℄, Cor. 1); if moreover k
has harateristi zero, then Γ has a nite-index subgroup that is torsion-free
by Selberg's lemma ([Sel℄, Lem. 8).
In the ase of G = PSL2(R), Theorem 1.3 has been proved for torsion-free
groups by Kulkarni and Raymond [KR℄. In [Ko2℄, Kobayashi onsidered the
more general ase when G is a real onneted semisimple linear Lie group
with rankR(G) = 1: he showed that every torsion-free disrete subgroup
of G × G ating properly disontinuously on (G × G)/∆G is a graph, and
asked whether one of the two projetions of this graph is always disrete
in G. Theorem 1.3 above answers this question positively and generalizes
Kobayashi's result to all loal elds. It gives a omplete desription of all
torsion-free disrete subgroups of G×G ating properly disontinuously on
(G×G)/∆G in terms of a Cartan projetion of G.
Theorem 1.3 applies to three-dimensional ompat anti-de Sitter mani-
folds, i.e., to three-dimensional ompat Lorentz manifolds with onstant
setional urvature −1. Indeed, suh manifolds are modeled on
AdS3 =
{
(x1, x2, x3, x4) ∈ R
4, x21 + x
2
2 − x
2
3 − x
2
4 = 1
}
endowed with the Lorentz metri indued by x21+x
2
2−x
2
3−x
2
4, whih identies
with (SL2(R)× SL2(R))/∆SL2(R) (see Setion 5.3). Sine three-dimensional
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ompat anti-de Sitter manifolds are omplete [Kli℄, they are quotients of
the universal overing of AdS3. By [KR℄, up to a nite overing, they may
in fat be written as
Γ\(PSL2(R)× PSL2(R))/∆PSL2(R),
where Γ is a torsion-free disrete subgroup of PSL2(R) × PSL2(R) ating
properly disontinuously on (PSL2(R) × PSL2(R))/∆PSL2(R). We refer the
reader to the introdution of [Sal℄ for more details.
More generally, for any loal eld k and any quadrati form Q of Witt
index two on k
4
, the quadri
S(Q) = {x ∈ k4, Q(x) = 1}
identies with (SL2(k) × SL2(k))/∆SL2(k) (see Setion 5.3). Theorem 1.3
therefore applies to the disrete subgroups of SL2(k)×SL2(k) ating properly
disontinuously on S(Q).
Note that Theorem 1.3 annot be generalized to groups G of higher rank.
Indeed, take for instane G = SO(2, 2n), and let Γ1 (resp. Γ2) be a torsion-
free disrete subgroup of SO(1, 2n) (resp. of U(1, n)), where SO(1, 2n) (resp.
U(1, n)) is seen as a subgroup of G. By [Ko1℄, Prop. 4.9, Γ1×Γ2 ats properly
disontinuously on (G×G)/∆G. Other examples are obtained by replaing
the triple (SO(2, 2n),SO(1, 2n),U(1, n)) by (SO(4, 4n),SO(3, 4n),Sp(1, n))
or by (U(2, 2n),U(1) ×U(1, n),Sp(1, n)) (see [Ko1℄).
1.4. An appliation to SLn(k)/SLn−1(k). As another appliation of The-
orem 1.2, we give a simpler proof of the following result, due to Benoist [Be1℄.
Corollary 1.4. Let k be a loal eld of harateristi zero. If n ≥ 3 is odd,
then every disrete subgroup of SLn(k) ating properly disontinuously on
SLn(k)/SLn−1(k) is virtually abelian.
Theorem 1.2 atually implies a slightly stronger version of Corollary 1.4:
we may replae virtually abelian by virtually yli.
One onsequene of Corollary 1.4 is that in harateristi zero if n ≥ 3
is odd, then the homogeneous spae SLn(k)/SLn−1(k) has no ompat quo-
tient, i.e., there is no disrete subgroup Γ of SLn(k) ating properly dison-
tinuously on SLn(k)/SLn−1(k) with Γ\SLn(k)/SLn−1(k) ompat (see [Be1℄).
1.5. Organization of the paper. In Setion 2 we reall basi fats about
Bruhat-Tits buildings, Cartan deompositions, and Cartan projetions. Se-
tion 3 is devoted to the proof of Theorem 1.2 ; we also disuss the assumption
that Γ is not a torsion group. In Setion 4 we show how Theorem 1.2 implies
Corollary 1.4 in the ase of G = SLn(k) and H = SLn−1(k). In Setion 5 we
prove Theorem 1.3 ; we also show that the hypothesis that Γ is not a torsion
group is neessary in positive harateristi, and we desribe our appliation
to three-dimensional quadris.
Aknowledgements. I warmly thank Yves Benoist for his advie and en-
ouragement.
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2. Cartan projetions
Throughout this artile, we denote by k a loal eld, i.e., R, C, a nite
extension of Qp, or the eld Fq((t)) of formal Laurent series over a nite
eld Fq. If k = R or C, we denote by | · | the usual absolute value on k; we
set k
+ = [1,+∞[. If k is nonarhimedean, we denote byO the ring of integers
of k, by q the ardinal of the residue eld of k, by ω the (additive) valuation
on k sending any uniformizer to 1, and by | · | = q−ω(·) the orresponding
(multipliative) absolute value; we set k
+ = {x ∈ k, |x| ≥ 1}. If G is an
algebrai group, we denote by G the set of its k-points and by g the Lie
algebra of G.
In this setion, we reall a few well-known fats on onneted semisimple
algebrai k-groups and their Cartan projetions.
2.1. Weyl hambers. Fix a onneted semisimple algebrai k-group G.
Reall that the k-split k-tori of G are all onjugate over k ([BoT℄, Th. 4.21).
Fix suh a torus A and let N (resp. Z) denote its normalizer (resp. entral-
izer) in G. The group X(A) of k-haraters of A and the group Y (A) of
k-oharaters are both free Z-modules of rank r = rankk(G), and there is
a perfet pairing
〈· , ·〉 : X(A) × Y (A) −→ Z.
If k is nonarhimedean, we set A◦ = A; if k = R or C, we set
A◦ =
{
a ∈ A , χ(a) ∈ ]0,+∞[ ∀χ ∈ X(A)
}
.
The set Φ = Φ(A,G) of restrited roots of A in G, i.e., the set of nontrivial
weights of A in the adjoint representation of G, is a root system of the real
vetor spae V = Y (A)⊗ZR ([BoT℄, Cor. 5.8). The groupW = N/Z is nite
and identies with the Weyl group of Φ ([BoT℄,  5.1 & Th. 5.3). Choose a
basis ∆ = {α1, . . . , αr} of Φ and let
A+ =
{
a ∈ A◦, αi(a) ∈ k
+ ∀ 1 ≤ i ≤ r
}
(
resp. V + =
{
x ∈ V, 〈αi, x〉 ≥ 0 ∀ 1 ≤ i ≤ r
})
denote the losed positive Weyl hamber in A◦ (resp. in V ) orresponding
to ∆; the set V + is a losed onvex one in V . If k = R or C, then V
identies with a and V + with logA+ ⊂ a; we endow V with the Eulidean
norm ‖ · ‖ indued by the Killing form of g. If k is nonarhimedean, we
endow V with any W -invariant Eulidean norm ‖ · ‖.
2.2. The Bruhat-Tits building. In this subsetion we assume k to be
nonarhimedean. We briey reall the onstrution of the Bruhat-Tits build-
ing of G, whih is a metri spae on whih G ats properly disontinuously
by isometries with a ompat fundamental domain. We refer to the original
artiles [BT1℄ and [BT2℄, but the reader may also nd [Rou℄ useful.
Let Res denote the restrition homomorphism from X(Z) to X(A), where
X(Z) denotes the group of k-haraters of Z. There is a unique group
homomorphism ν : Z → V suh that
〈Res(χ), ν(z)〉 = −ω(χ(z))
for all χ ∈ X(Z) and z ∈ Z. The set ν(Z) is a lattie in V , and ν(A) is
a sublattie of ν(Z) of nite index. The ation of Z on V by translation
6 FANNY KASSEL
along ν(Z) extends to an ation of N on V by ane isometries; suh an
extension is unique up to translation.
For every α ∈ Φ, let Uα denote the onneted unipotent k-subgroup of G
orresponding to the root α, as dened in [BT2℄; the Lie algebra of Uα is
gα⊕g2α, where giα is the subspae of elements X ∈ g suh that Ad(a)(X) =
α(a)iX for all a ∈ A. For every u ∈ Uα, u 6= 1, the set N ∩U−α uU−α has a
unique element, whih ats on V by the orthogonal reetion in some ane
hyperplane Hu, dened by an equation of the form 〈α, x〉+ψα(u) = 0, where
ψα(u) ∈ R. For every x ∈ V , set
Uα,x =
{
u ∈ Uα, u = 1 or 〈α, x〉 + ψα(u) ≥ 0
}
;
by [BT2℄ it is a subgroup of Uα. Set Nx = {n ∈ N, n · x = x} and let Kx
denote the subgroup of G generated by Nx and the subgroups Uα,x, where
α ∈ Φ. The group Kx is a maximal ompat open subgroup of G.
With this notation, the Bruhat-Tits building X of G is the set of equiva-
lene lasses of G× V for the relation
(g, x) ∼ (g′, x′) ⇐⇒ ∃n ∈ N such that x′ = n · x et g−1g′n ∈ Kx.
We endow X with the quotient topology indued by the disrete topology
of G and the Eulidean struture of V . By onstrution, V embeds into X;
we identify it with its image in X. The group G ats on X by
g′ · (g, x) = (g′g , x),
where (g, x) denotes the image of (g, x) ∈ G×V in X. This ation is properly
disontinuous, with a ompat fundamental domain. By onstrution, the
stabilizer of any point x ∈ V is Kx. The apartments of X are the sets g · V ,
where g ∈ G; the walls of X are the sets g · Hu, where g ∈ G and u ∈ Uα
for some α ∈ Φ. A hamber of X (or alove) is a onneted omponent of X
deprived of its walls. The spae X has the following property: for any pair
(x, x′) of points in X, there is an apartment ontaining both x and x′. We
an therefore endow X with a distane d dened as follows: d(x, x′) is the
Eulidean distane between x and x′ in any apartment ontaining x and x′
(it does not depend on the apartment). The group G ats on X by isometries
for this distane.
2.3. Cartan deompositions and Cartan projetions. If k = R or C,
then there is a maximal ompat subgroup K of G suh that the Cartan
deomposition G = KA+K holds: for every g ∈ G, there are elements
k1, k2 ∈ K and a unique a ∈ A
+
suh that g = k1ak2 ([Hel℄, Chap. 9,
Th. 1.1). Setting µ(g) = log a denes a map µ : G→ V + ≃ logA+, whih is
ontinuous, proper, and surjetive. It is alled the Cartan projetion relative
to the Cartan deomposition G = KA+K.
Now assume k to be nonarhimedean. Consider the extremal point x0
of the losed one V +, dened by 〈αi, x0〉 = 0 for all 1 ≤ i ≤ r, and set
K = Kx0 . Let Z
+ ⊂ Z denote the inverse image of V + under ν. By [BT1℄
the group G ats transitively on the set of ouples (A, C), where A is an
apartment of X and C is a hamber of X ontained in A. This an be
translated into algebrai terms by the existene of a Cartan deomposition
G = KZ+K: for every g ∈ G there are elements k1, k2 ∈ K and z ∈ Z
+
suh that g = k1zk2, and ν(z) is uniquely dened. Setting µ(g) = ν(z)
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denes a map µ : G→ V +, whih is ontinuous and proper; its image µ(G)
is the intersetion of V + with a lattie of V . The map µ is alled the Cartan
projetion relative to the Cartan deomposition G = KZ+K.
2.4. A geometri interpretation. Let X be either the Riemannian sym-
metri spae G/K if k = R or C, or the Bruhat-Tits building of G if k is
nonarhimedean. We now reall a geometri interpretation of the Cartan
projetion µ in terms of a distane on X.
Assume that k = R or C, and let g = k+ p be the Cartan deomposition
of g orresponding to the Cartan deomposition G = KA+K. The Killing
form κ of g is denite positive on p, hene indues a Eulidean norm ‖ · ‖
on p. Let pi denote the natural projetion of G onto X = G/K, and set
x0 = pi(1) ∈ X. The map dpi1 realizes an isomorphism between p and the
tangent spae of X at x0; thus κ|p×p indues a G-invariant Riemannian
metri on X. Let d denote the orresponding distane on X. The following
result is probably well known; we prove it for the reader's onveniene.
Lemma 2.1 (k = R or C). Let ρ : X → V + denote the map sending
x = g · x0 ∈ X to µ(g). For all x, x
′ ∈ X,
‖ρ(x)− ρ(x′)‖ ≤ d(x, x′).
Moreover, the restrition of ρ to A+ · x0 is an isometry.
Proof. We identify V + with logA+ ⊂ a. Let Exp : p → X denote the
exponential dieomorphism mapping Y ∈ p to γY (1), where γY is the unique
geodesi in X suh that γY (0) = x0 and γ
′
Y (0) = dpi1(Y ). For every x ∈ X,
there exists k ∈ K suh that x = k exp(ρ(x)) ·x0; by [Hel℄, Chap. 4, Th. 3.3,
(2.1) x = Exp
(
(Ad k)(ρ(x))
)
.
Fix x, x′ ∈ X and let γ = (yt)t∈[0,1] be the geodesi segment from y0 = x
to y1 = x
′
. By [Hel℄, p. 295, and (2.1), the map t 7→ ρ(yt) is smooth
and there exists a smooth map t 7→ kt from [0, 1] to K suh that yt =
Exp((Ad kt)(ρ(yt))) for all t ∈ [0, 1]. Sine X has nonpositive setional
urvature ([Hel℄, Chap. 5, Th. 3.1), the length of γ in X is not less than the
length of Exp−1(γ) in p ([Hel℄, Chap. 1, Th. 13.1), namely,
(2.2) d(x, x′) ≥
∫ 1
0
∥∥∥∥d
(
(Ad kt)(ρ(yt))
)
dt
(t′)
∥∥∥∥ dt′.
Now for all t′ ∈ [0, 1],
d
(
(Ad kt)(ρ(yt))
)
dt
(t′) = (Ad kt′)
(d(ρ(yt))
dt
(t′)
)
+
(d(Ad kt)
dt
(t′)
)(
ρ(yt′)
)
,
where
(Ad kt′)
(d(ρ(yt))
dt
(t′)
)
∈ (Ad kt′)(a)
and(d(Ad kt)
dt
(t′)
)(
ρ(yt′)
)
= (Ad kt′)
(
ad
(d(k−1t′ kt′+t)
dt
(0)
)(
ρ(yt′)
))
∈ (Ad kt′)
(
[k, a]
)
.
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The subspaes a and [k, a] are orthogonal with respet to κ. Indeed, the de-
omposition of g into eigenspaes under the adjoint ation of a is orthogonal
with respet to κ ([Hel℄, Chap. 3, Th. 4.2); in partiular, a is orthogonal
to the sum [g, a] of the root spaes of g. Sine κ is invariant under AdG
([Hel℄, p. 131), the subspaes (Ad kt′)(a) and (Ad kt′)([k, a]) are orthogonal
with respet to κ and∥∥∥∥d
(
(Ad kt)(ρ(yt))
)
dt
(t′)
∥∥∥∥ ≥
∥∥∥(Ad kt′)
(d(ρ(yt))
dt
(t′)
)∥∥∥(2.3)
=
∥∥∥d(ρ(yt))
dt
(t′)
∥∥∥.
Thus
d(x, x′) ≥
∫ 1
0
∥∥∥d(ρ(yt))
dt
(t′)
∥∥∥ dt′ = ‖ρ(x) − ρ(x′)‖.
If x, x′ ∈ A+ · x0, then kt = 1 for all t ∈ [0, 1]; hene (2.3) is an equality.
Moreover, in this ase (2.2) is also an equality sine the geodesi submanifold
A · x0 = Exp(a) has zero setional urvature ([Hel℄, Chap. 5,  3, Rem. 2).
This implies d(x, x′) = ‖ρ(x)− ρ(x′)‖. 
Sine K xes x0 and sine G ats on X by isometries, Lemma 2.1 implies
that for every a ∈ A+ and every g ∈ KaK,
(2.4) d(g · x0, x0) = d(a · x0, x0) = ‖ρ(a · x0)− ρ(x0)‖ = ‖µ(g)‖.
Now assume k to be nonarhimedean and let X denote the Bruhat-Tits
building of G, endowed with the distane d dened in Setion 2.2. Reall
that K = Kx0 is the stabilizer of the point x0 ∈ V dened by 〈αi, x0〉 = 0 for
all 1 ≤ i ≤ r. Sine G ats on X by isometries and sine V is isometrially
embedded as an apartment in X, for every z ∈ Z+ and every g ∈ KzK,
(2.5) d(g · x0, x0) = d(z · x0, x0) = d(µ(g), x0) = ‖µ(g)‖,
where ‖·‖ is the Eulidean norm on V . Lemma 2.1 also holds in this setting.
Lemma 2.2 (k nonarhimedean). Let ρ : X → V + denote the map sending
x = g · x0 ∈ X to µ(g). For all x, x
′ ∈ X,
‖ρ(x)− ρ(x′)‖ ≤ d(x, x′).
Proof. Let C denote the unique hamber in V + ontaining x0. We rst reall
the onstrution of a retration ρV,C : X → V , as dened in [BT1℄,  2.3.
For every x ∈ X, there is an apartment A ontaining both x and C ([BT1℄,
Prop. 2.3.1), and there is an element k ∈ K xing C pointwise and mapping A
to V ([BT1℄, Prop. 2.3.2). The point k ·x ∈ V does not depend on the hoie
of A and k. Setting ρV,C(x) = k · x denes a map ρV,C : X → V suh that
for all x, x′ ∈ X,
‖ρV,C(x)− ρV,C(x
′)‖ ≤ d(x, x′)
([BT1℄, Prop. 2.5.3). We laim that for all x, x′ ∈ X,
(2.6) ‖ρ(x)− ρ(x′)‖ ≤ ‖ρV,C(x)− ρV,C(x
′)‖.
Indeed, it follows from the denitions of ρ and ρV,C that ρV,C(x) ∈ W · ρ(x)
for all x ∈ X. Sine the norm ‖ · ‖ is W -invariant, it is enough to show that
(2.7) ‖ρ(x) − ρ(x′)‖ ≤ ‖ρ(x) − w · ρ(x′)‖
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for all x, x′ ∈ X and all w ∈ W . Reall that W is generated by the set S
of orthogonal reetions in the hyperplanes {x ∈ V, 〈αi, x〉 = 0
}
, where
1 ≤ i ≤ r. Write w = sm . . . s1, where sj ∈ S for all j. We argue by
indution on m. If (sm . . . s1) · ρ(x
′) ∈ V +, then sm . . . s1 = 1 and (2.7) is
obvious. Otherwise, the points ρ(x) and (sm . . . s1) · ρ(x
′) lie in two distint
onneted omponents of V \ H, where H denotes the hyperplane of xed
points of sm. Let y be the intersetion point of H with the line segment
[ρ(x), (sm . . . s1) · ρ(x
′)]. Sine sm is an orthogonal reetion,
‖ρ(x)− (sm . . . s1) · ρ(x
′)‖ = ‖ρ(x) − y‖+ ‖y − (sm . . . s1) · ρ(x
′)‖
= ‖ρ(x) − y‖+ ‖y − (sm−1 . . . s1) · ρ(x
′)‖
≥ ‖ρ(x) − (sm−1 . . . s1) · ρ(x
′)‖.
By the indution assumption, ‖ρ(x) − (sm . . . s1) · ρ(x
′)‖ ≥ ‖ρ(x) − ρ(x′)‖.
This proves (2.6) and ompletes the proof of Lemma 2.2. 
The following result will be needed in the proof of Theorem 1.2.
Lemma 2.3. Let k be a loal eld, G the set of k-points of a onneted
semisimple algebrai k-group, and µ : G→ V + a Cartan projetion. For all
g, g′ ∈ G, the following two inequalities hold:
‖µ(gg′)− µ(g)‖ ≤ ‖µ(g′)‖,(2.8)
‖µ(gg′)− µ(g′)‖ ≤ ‖µ(g)‖.(2.9)
Proof. Sine G ats on X by isometries, (2.8) follows immediately from Lem-
mas 2.1 and 2.2, together with Formulas (2.4) and (2.5). We laim that (2.8)
implies (2.9). Indeed, if w ∈W denotes the longest element ofW , suh that
w·z−1 ∈ Z+ for all z ∈ Z+, then µ(g−1) = w·(−µ(g)) for all g ∈ G. Sine the
norm ‖ · ‖ on V is W -invariant, the opposition involution ι : µ(G) → µ(G),
whih maps µ(g) to µ(g−1) for all g ∈ G, is an isometry. Together with (2.8),
this implies
‖µ(gg′)− µ(g′)‖ = ‖µ(g′
−1
g−1)− µ(g′
−1
)‖ ≤ ‖µ(g−1)‖ = ‖µ(g)‖. 
3. Proper ations on G/H in the orank-one ase
In this setion we give a proof of Theorem 1.2 and we disuss the assump-
tion that Γ is not a torsion group.
3.1. Proof of Theorem 1.2. With the notation of Setion 2, letH be a on-
neted redutive algebrai k-subgroup of G with rankk(H) = rankk(G)− 1.
Fix a maximal k-split k-torus AH of H. After onjugating H by an ele-
ment of G, we may assume that AH ⊂ A ([BoT℄, Th. 4.21). Reall that
H is the almost produt of a entral torus and of its derived group, whih
is semisimple ([BoT℄, Prop. 2.2). Therefore H admits a Cartan deompo-
sition H = KHZ
+
HKH , where ZH is the entralizer of AH in H and KH
is some maximal ompat subgroup of H. We now use a result proved by
Mostow [Mos℄ and Karpelevih [Kar℄ in the real ase, and by Landvogt [Lan℄
in the nonarhimedean ase: after onjugating H by an element of G, we
may assume that KH ⊂ K. Thus µ(H) = µ(ZH) and the onvex hull CH
of µ(H) in V + is the intersetion of V + with a nite union of hyper-
planes of V parametrized by the Weyl group W . The opposition involution
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ι : µ(G) → µ(G), whih maps µ(g) to µ(g−1) for all g ∈ G, extends to
an isometry of V +, still denoted by ι. It preserves µ(H), hene CH , and
permutes the onneted omponents of V + \ CH .
Our proof of Theorem 1.2 is based on the properness riterion of Benoist
([Be1℄, Cor. 5.2) and Kobayashi ([Ko3℄, Th. 1.1), whih states that a sub-
group Γ of G ats properly disontinuously on G/H if and only if the set
µ(Γ)∩(µ(H)+C ′) is bounded for every ompat subset C ′ of V . This ondi-
tion is equivalent to the boundedness of µ(Γ)∩ (CH +C
′) for every ompat
subset C ′ of V .
Our proof is also based on the following observation (∗): if (xn)n∈N is a
sequene of points of V + whose distane to CH is larger than a given R > 0,
and if ‖xn+1 − xn‖ ≤ R for all n ∈ N, then all elements xn belong to the
same onneted omponent of V + \ CH .
We now give a proof of Theorem 1.2. Let C1, . . . , Cs be the onneted
omponents of V +\CH and let Γ be a disrete subgroup of G ating properly
disontinuously on G/H. The set µ(Γ) is invariant under the opposition
involution ι.
Assume that Γ is not a torsion group and x an element γ ∈ Γ of in-
nite order. Sine Γ is disrete and sine µ is a proper map, the sequene
(‖µ(γn)‖)n∈Z tends to innity as n tends to ±∞. Let F be the set of el-
ements γ′ ∈ Γ suh that the distane of µ(γ′) to CH is ≤ ‖µ(γ)‖. From
the disreteness of Γ, the properness of µ, and the properness riterion, we
dedue that F is nite. Moreover, by Lemma 2.3,∥∥µ(γn+1)− µ(γn)∥∥ ≤ ‖µ(γ)‖
for all n ∈ Z. By the observation (∗) above, there are integers 1 ≤ i, j ≤ s
suh that µ(γn) ∈ Ci (resp. µ(γ
−n) ∈ Cj) for almost all n ∈ N. The
opposition involution ι interhanges Ci and Cj .
Note that for every γ′ ∈ Γ, Lemma 2.3 implies∥∥µ(γ′γn)− µ(γn)∥∥ ≤ ‖µ(γ′)‖
for all n ∈ Z. By the properness riterion, µ(γ′γn) ∈ Ci and µ(γ
′γ−n) ∈ Cj
for almost all n ∈ N.
First onsider the ase i = j. Let F ′ be the set of elements γ′ ∈ Γ suh that
µ(γ′) /∈ Ci. We laim that F
′
is nite. Indeed, let γ′ ∈ F ′. By Lemma 2.3,∥∥µ(γ′γn+1)− µ(γ′γn)∥∥ ≤ ‖µ(γ)‖
for all n ∈ Z. Moreover, µ(γ′) /∈ Ci, and we have just seen that µ(γ
′γn) ∈ Ci
for almost all n ∈ Z. By the observation (∗) above, there is an integer n ∈ Z
suh that γ′γn ∈ F . Therefore, F ′ ⊂ FγZ. Sine F is nite and sine for
every f ∈ F the element fγn belongs to Ci for almost all n ∈ Z, the set F
′
is nite. This proves the laim.
Now onsider the ase i 6= j. We laim that the subgroup γZ has nite
index in Γ. Indeed, let γ′ ∈ Γ. By Lemma 2.3,∥∥µ(γ′γn+1)− µ(γ′γn)∥∥ ≤ ‖µ(γ)‖
for all n ∈ Z. Moreover, we have seen that µ(γ′γn) ∈ Ci and µ(γ
′γ−n) ∈ Cj
for almost all n ∈ N. By the observation (∗) above, there is an integer n ∈ Z
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suh that γ′γn ∈ F . Therefore, Γ = FγZ. Sine F is nite, γZ has nite
index in Γ. This proves the laim and ompletes the proof of Theorem 1.2.
3.2. Disrete torsion groups in harateristi zero. In this subsetion
we show that when k has harateristi zero, the assumption that Γ is not
a torsion group may be removed from Theorem 1.2. When Γ is known to
be nitely generated, this follows from Selberg's lemma ([Sel℄, Lem. 8). In
general it is also true, based on the following lemma, whih is probably
well known.
Lemma 3.1. Let k be a loal eld of harateristi zero and G a linear
algebrai k-group. If k is a p-adi eld, then every torsion subgroup of G is
nite. If k = R or C, then every disrete torsion subgroup of G is nite.
Proof. Embed G in GLn for some n ≥ 1. Let Γ be a torsion subgroup of G.
By a result of Shur ([CR℄, Th. 36.14), Γ ontains a nite-index abelian
subgroup Γ′ whose elements are all semisimple. To show that Γ is nite, it
is enough to prove the niteness of Γ′.
Assume that k is a p-adi eld. The elements of Γ′ are diagonalizable
in a ommon basis over an algebrai losure of k. For every γ ∈ Γ′ the
eigenvalues of γ are roots of unity; they generate a ylotomi extension kγ
of k, and [kγ : k] ≤ n sine the harateristi polynomial of γ has degree n.
Now there are only nitely many ylotomi extensions of k of degree ≤ n
([Neu℄, Chap. 2, Th. 7.12 & Prop. 7.13). Therefore the eld generated by all
extensions kγ , γ ∈ Γ
′
, has nite degree over k, hene ontains only nitely
many roots of unity ([Neu℄, Chap. 2, Prop. 5.7). This implies the niteness
of Γ′.
Assume that k = R or C and that in addition Γ is disrete in G. The
elements of Γ′ are diagonalizable in a ommon basis over C, and their eigen-
values are roots of unity. Sine the group U of omplex numbers of modulus
one is ompat, every disrete subgroup of Un is nite. This implies the
niteness of Γ′. 
When k has positive harateristi, there exist innite disrete torsion
subgroups in G. They all have a unipotent subgroup of nite index (this
follows from [Tits℄, Prop. 2.8, for instane). Some of them do not satisfy
the onlusions of Theorem 1.2 : we will give an example of suh a group in
Setion 5.2.
4. An appliation to SLn(k)/SLn−1(k)
In this setion we disuss the ase of G = SLn(k) and H = SLn−1(k). We
show how Theorem 1.2 implies Corollary 1.4.
Let G = SLn for some integer n ≥ 2. The group A of diagonal matries
of determinant one is a maximal k-split k-torus of G, whih is its own
entralizer, i.e., Z = A. The orresponding roots are the linear forms εi−εj ,
1 ≤ i 6= j ≤ n, where
εi
(
diag(a1, . . . , an)
)
= ai.
A basis of the root system of A in G is given by the roots εi − εi+1, where
1 ≤ i ≤ n−1. If k = R or C (resp. if k is nonarhimedean), the orresponding
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positive Weyl hamber is
A+ =
{
diag(a1, . . . , an) ∈ A, ai ∈ ]0,+∞[ ∀i and a1 ≥ . . . ≥ an
}
(
resp. A+ =
{
diag(a1, . . . , an) ∈ A, |a1| ≥ . . . ≥ |an|
})
.
Set K = SO(n) (resp. K = SU(n), resp. K = SLn(O)) if k = R (resp. if
k = C, resp. if k is nonarhimedean). The Cartan deompositionG = KA+K
holds. If k = R (resp. if k = C), it follows from the polar deomposition
in GLn(R) (resp. in GLn(C)) and from the redution of symmetri (resp. of
Hermitian) matries; if k is nonarhimedean, it follows from the struture
theorem for nitely generated modules over a prinipal ideal domain. The
real vetor spae
V =
{
(x1, . . . , xn) ∈ R
n, x1 + . . .+ xn = 0
}
≃ Rn−1
and its losed onvex one
V + =
{
(x1, . . . , xn) ∈ V, x1 ≥ . . . ≥ xn
}
do not depend on k. Let µ : G→ V + denote the Cartan projetion relative
to the Cartan deomposition G = KA+K. If k = R or C, then µ(g) =
(x1, . . . , xn), where e
2xi
is the i-th eigenvalue of tgg.
Let H = SLn−1, whih we onsider as a subgroup of G by embedding
(n− 1)× (n− 1) matries in the upper left orner of n× n matries. Then
CH =
⋃
1≤i≤n
{
(x1, . . . , xn) ∈ V
+, xi = 0
}
and the onneted omponents of V + \ CH are the sets
Ci =
{
(x1, . . . , xn) ∈ V
+, xi > 0 > xi+1
}
,
where 1 ≤ i ≤ n− 1. The opposition involution ι : V + → V + is given by
ι(x1, . . . , xn) = (−xn, . . . ,−x1) ;
it maps Ci to Cn−i for all 1 ≤ i ≤ n − 1. Here is a reformulation of
Theorem 1.2 in the present situation.
Proposition 4.1. Let Γ be a disrete subgroup of SLn(k) that ats properly
disontinuously on SLn(k)/SLn−1(k) and that is not a torsion group. There
exists an integer 1 ≤ i ≤ n − 1 suh that µ(γ) ∈ Ci ∪ Cn−i for almost
all γ ∈ Γ. If Γ is not virtually yli, then Ci = Cn−i.
Note that if n is odd, then Ci 6= Cn−i for all 1 ≤ i ≤ n− 1, whih implies
Corollary 1.4. Another onsequene of Proposition 4.1 is the following.
Corollary 4.2. Assume that n ≥ 4 is even. Let Γ be a disrete subgroup
of SLn(k) that ats properly disontinuously on SLn(k)/SLn−1(k) and that is
not virtually yli. Every element γ ∈ Γ of innite order has n/2 eigenval-
ues t with |t| > 1 and n/2 eigenvalues t with |t| < 1, ounting multipliities.
The eigenvalues of an element g ∈ SLn(k) belong to some nite ex-
tension kg of k; in Corollary 4.2 we denote by | · | the unique absolute
value on kg extending the absolute value | · | on k. As above, repla-
ing k by kg, we obtain a Cartan deomposition SLn(kg) = KgA
+
g Kg with
K = Kg ∩ SLn(k) and A
+ = A+g ∩ SLn(k). The orresponding Cartan
projetion µg : SLn(kg)→ V
+
extends µ.
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Proof of Corollary 4.2. We may assume that Γ is not a torsion group.
Sine the only onneted omponent of V + \ CH that is invariant under ι
is Cn/2, Proposition 4.1 implies that µ(γ) ∈ Cn/2 for almost all γ ∈ Γ. Fix
an element γ ∈ Γ of innite order. Sine Γ is disrete and sine µ is a proper
map, ‖µ(γm)‖ → +∞ as m→ +∞. Therefore
1
m
µ(γm) ∈ Cn/2
for almost all m ≥ 1. Let λ : SLn(k) → V
+
be the Lyapunov projetion
of SLn(k), mapping g ∈ SLn(k) to µg(ag), where ag ∈ SLn(kg) is any diago-
nal matrix whose entries are the eigenvalues of g ounted with multipliities.
By [Be2℄, Cor. 2.5,
λ(γ) = lim
m→+∞
1
m
µ(γm).
Thus λ(γ) belongs to the losure of Cn/2 in V
+
. We laim that λ(γ) /∈ CH .
Indeed, by [Be2℄, Lem. 4.6, there is a onstant Cγ > 0 suh that for allm ≥ 1,
(4.1) ‖λ(γm)− µ(γm)‖ ≤ Cγ .
If λ(γ) ∈ CH , then λ(γ
m) = mλ(γ) ∈ CH for all m ≥ 1, so that (4.1)
would ontradit the properness riterion (see Setion 3.1). This proves the
laim. Therefore, λ(γ) ∈ Cn/2, whih means that γ has n/2 eigenvalues t
with |t| > 1 and n/2 eigenvalues t with |t| < 1, ounting multipliities. 
5. An appliation to (G×G)/∆G in the rank-one ase
In this setion we prove Theorem 1.3, we show that the hypothesis that
Γ is not a torsion group is neessary in the ase of a loal eld of positive
harateristi, and we desribe an appliation to three-dimensional quadris
over a loal eld.
5.1. Proof of Theorem 1.3. Assume that rankk(G) = 1 and let ∆G de-
note the diagonal ofG×G. Fix a Cartan projetion µ ofG and let µ• = µ×µ
be the orresponding Cartan projetion of G×G. We identify the one V +
with R+ × R+, and C∆G with the diagonal of R
+ × R+. There are two
onneted omponents in V + \C∆G ; let C+ (resp. C−) denote the one above
(resp. below) the diagonal. The opposition involution ι is the identity.
We now give a proof of Theorem 1.3. Let Γ be a disrete subgroup of G×G
that ats properly disontinuously on (G×G)/∆G and that is not a torsion
group. Sine ι is the identity, Theorem 1.2 implies that either µ•(γ) ∈ C+
for almost all γ ∈ Γ, or µ•(γ) ∈ C− for almost all γ ∈ Γ. Up to swithing
the fators of G×G, we may assume that µ•(γ) ∈ C− for almost all γ ∈ Γ.
Let pr1 (resp. pr2) denote the projetion of Γ on the rst (resp. seond)
fator of G×G. The kernel F of pr1 is nite. If Γ is residually nite, then Γ
ontains a normal nite-index subgroup Γ′ suh that Γ′ ∩F is trivial. If Γ is
torsion-free, then F is already trivial and we set Γ′ = Γ. In both ases, if we
set Γ0 = pr1(Γ
′), then ϕ = pr2 ◦ pr
−1
1 : Γ0 → G is a group homomorphism
and
Γ′ = {(g, ϕ(g)), g ∈ Γ0}.
Sine µ(ϕ(g)) < µ(g) for almost all g ∈ Γ0, the group Γ0 is disrete in G.
Indeed, if it were not, then there would be a sequene (gn)n∈N of pairwise
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distint points of Γ0 onverging to 1. Sine Γ is disrete inG×G and sine µ is
a proper map, the sequene (µ(ϕ(gn)))n∈N would tend to innity. Therefore
there would be innitely many elements (g, ϕ(g)) ∈ Γ with µ(ϕ(g)) ≥ µ(g),
ontraditing the assumption that µ•(γ) ∈ C− for almost all γ ∈ Γ. This
proves that Γ0 is disrete in G. Sine µ(ϕ(g)) < µ(g) for almost all g ∈ Γ0,
the properness riterion (see Setion 3.1) ensures that for all R > 0, almost
all g ∈ Γ0 satisfy µ(ϕ(g)) < µ(g) −R.
Conversely, if there exist a disrete subgroup Γ0 of G and a group homo-
morphism ϕ : Γ0 → G satisfying the onditions of Theorem 1.3, then Γ ats
properly disontinuously on (G×G)/∆G by the properness riterion.
5.2. Innite torsion groups in positive harateristi. Take G = SL2
over k = Fq((t)), where Fq is a nite eld of harateristi p. We now
give an example of an innite disrete torsion subgroup of G× G that ats
properly disontinuously on (G×G)/∆G and nevertheless does not satisfy the
onlusions of Theorems 1.2 and 1.3. The Cartan deompositionG = KA+K
holds, where K = SL2(O) = SL2(Fq[[t]]) and where A
+
is the set of diagonal
matries diag(a1, a2) of G with |a1| ≥ |a2| (see Setion 4). Let µ be the
orresponding Cartan projetion. For every n ∈ N, set
gn =
(
1 t−n
0 1
)
.
Note that for 1 ≤ r ≤ p− 1,
µ(grn) = 2n.
This an be seen by expanding grn as follows:
grn =
(
1 rt−n
0 1
)
=
(
r 0
tn r−1
)(
t−n 0
0 tn
)(
r−1tn 1
−1 0
)
.
Let Γ be the subgroup of G×G generated by the elements (gn, g2n) and the
elements (g2n, gn), where n ∈ N. It is an innite residually nite disrete
subgroup of G and eah of its nontrivial elements has order p. The group Γ
ats properly disontinuously on (G × G)/∆G by the properness riterion
(see Setion 3.1). It is not virtually yli. However, the two onneted
omponents of V +\C∆G both ontain innitely many points of the form µ(γ),
where γ ∈ Γ.
5.3. An appliation to three-dimensional quadris over a loal eld.
As was pointed out in the introdution, one of the motivations for our in-
vestigation of (G × G)/∆G in the rank-one ase is its appliation to three-
dimensional quadris over a loal eld k. We now disuss this point in
more detail.
Let k be a loal eld and Q be a quadrati form on k4. Consider the unit
sphere
S(Q) = {x ∈ k4, Q(x) = 1}.
By Witt's theorem, it identies with the homogeneous spae SO(Q)/H,
where SO(Q) is the speial orthogonal group of Q and H is an algebrai
k-subgroup of SO(Q) dened as the stabilizer of some point x ∈ S(Q).
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If Q is k-anisotropi, then SO(Q) is ompat ([BoT℄,  4.24); thus ev-
ery disrete subgroup of SO(Q) is nite and ats properly disontinuously
on S(Q).
Assume that Q has Witt index one, i.e., that rankk(SO(Q)) = 1. If H is
k-anisotropi, then H is ompat, and every disrete subgroup of SO(Q) ats
properly disontinuously on S(Q). On the other hand, if rankk(H) = 1, then
every disrete subgroup of SO(Q) ating properly disontinuously on S(Q) is
nite: this is the Calabi-Markus phenomenon ([Ko1℄, Cor. 4.4). For instane,
if k = R, then every quadrati form Q on k4 of Witt index one is equivalent
to x21−x
2
2−x
2
3−x
2
4 or to x
2
1+x
2
2+x
2
3−x
2
4. In the rst ase, SO(Q) (resp. H) is
isomorphi to SO(1, 3) (resp. to SO(3)) and every disrete subgroup of SO(Q)
ats properly disontinuously on S(Q). In the seond ase, SO(Q) (resp. H)
is isomorphi to SO(3, 1) (resp. to SO(2, 1)) and every disrete subgroup
of SO(Q) ating properly disontinuously on S(Q) is nite.
Now assume that Q has Witt index two, i.e., that rankk(SO(Q)) = 2. For
instane, if k = R, then SO(Q) (resp. H) is isomorphi to SO(2, 2) (resp.
to SO(1, 2)). We may assume that Q is given by
Q(x1, x2, x3, x4) = x1x4 − x2x3
and that H is the stabilizer of x = (1, 0, 0, 1) ∈ S(Q). Note that there is
a natural transitive ation of the group SL2(k) × SL2(k) on S(Q). Indeed,
SL2(k) × SL2(k) ats on M2(k) by the formula (g1, g2) · u = g1u g
−1
2 for all
(g1, g2) ∈ SL2(k) × SL2(k) and all u ∈ M2(k); identifying M2(k) with k
4
gives a linear ation of SL2(k)× SL2(k) on k
4
that preserves Q and is tran-
sitive on S(Q). Sine the stabilizer of x = (1, 0, 0, 1) in SL2(k) × SL2(k)
is ∆SL2(k), the quadri S(Q) identies with the homogeneous spae
(SL2(k) × SL2(k))/∆SL2(k). By Theorem 1.3, up to swithing the fators
of SL2(k)×SL2(k), the torsion-free disrete subgroups Γ of SL2(k)×SL2(k)
ating properly disontinuously on S(Q) are exatly the graphs of the form
Γ = {(γ, ϕ(γ)), γ ∈ Γ0},
where Γ0 is a disrete subgroup of SL2(k) and ϕ : Γ0 → SL2(k) is a
group homomorphism suh that for all R > 0, almost all γ ∈ Γ0 satisfy
µ(ϕ(γ)) < µ(γ)−R.
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